Abstract This paper develops a new, simple, explicit equation of motion for general constrained mechanical systems that may have positive semi-definite mass matrices. This is done through the creation of an auxiliary mechanical system (derived from the actual system) that has a positive definite mass matrix and is subjected to the same set of constraints as the actual system. The acceleration of the actual system and the constraint force acting on it are then directly provided in closed form by the acceleration and the constraint force acting on the auxiliary system, which thus gives the equation of motion of the actual system. The results provide deeper insights into the fundamental character of constrained motion in general mechanical systems. The use of this new equation is illustrated through its application to the important and practical problem of finding the equation of motion for the rotational dynamics of a rigid body in terms of quaternions. This leads to a form for the equation describing rotational dynamics that has hereto been unavailable.
Introduction
Obtaining the explicit equation of motion for constrained mechanical systems with singular mass matrices has been a source of major difficulty in classical mechanics for some time now. The main difficulty in arriving at such an equation is the fact that the mass matrix does not have an inverse. Thus, the equations for the system's acceleration such as the explicit fundamental equation of motion for constrained systems developed by Udwadia and Kalaba [1] cannot be used. Recently, however, Udwadia and Phohomsiri [2] considered general mechanical systems described by Newtonian and/or Lagrangian mechanics, and derived an explicit equation of motion for such systems with singular mass matrices. Their equation differs in structure and form from the so-called fundamental equation (Udwadia and Kalaba [1] ). They found that under certain restrictions on the structure of the mass matrix and the structure of the constraints, the equation of motion of the constrained system becomes unique.
In this paper, we show that under the conditions stipulated by Udwadia and Phohomsiri [2] for when the equation of motion of a constrained mechanical system becomes unique-a circumstance that must necessarily arise when one is modeling real-life physical systems in classical mechanics because the observed accelerations are always unique-a simpler set of equations can be obtained that again have the same form as the fundamental equation. These equations are valid for systems whose mass matrices can be singular (positive semi-definite) and/or positive definite.
The basic idea is to consider an auxiliary mechanical system that has a positive definite mass matrix (instead of the actual system that has the singular mass matrix), which is subjected to the identical constraint conditions as the actual system. The auxiliary constrained system is then devised to directly provide at each instant of time the acceleration of the actual system and also the constraint force acting on the actual system.
While some may argue that systems with singular mass matrices are rare in classical mechanics, it should be pointed out that this is so only because of our predisposition, from years of scientific acculturation, in using the minimum number of coordinates to describe a constrained mechanical system. Often, for convenience, especially in modeling complex multibody systems, it is useful to use redundant coordinates, and in such situations singular mass matrices can and do arise when describing the unconstrained system. When more than the minimum number of coordinates is used in describing the motion of constrained mechanical systems, the coordinates are evidently related to one another, and systems like these can have singular mass matrices. For instance, this happens when obtaining the equations of rotational motion of a rigid body whose orientation is parameterized by unit quaternions so as to accommodate large angle rotations. Here, an additional coordinate to describe the orientation of a rigid body beyond the minimum number required provides the convenience of having no singularities, a malady that the Euler angles suffer from; but this, as we shall see, leads to singular mass matrices. An illustration of the use of our new equation is provided to this important application area of rotational dynamics, where we use a Lagrangian approach to directly and simply obtain a hereto unavailable form of the equations of rotational motion of a rigid body in terms of quaternions.
System description and general constraints
We shall envision the description of a constrained mechanical system S in a two-step process. First, we imagine the system to be unconstrained and prescribe the motion of this unconstrained system; then, we impose on this unconstrained system a set of constraints to yield the desired constrained system. In accordance with this idea, consider an unconstrained system whose configuration is described by the n-vector q and whose equation of motion is given by
where the n by n matrix M(q, t) is positive semi-definite (M(q, t) ≥ 0) at each instant of time, and the n-vector Q(q,q, t), which is called the 'given' force, is a known function of its arguments. The dots in the above equation denote derivatives, and t denotes time. By unconstrained we mean that the n components of the initial velocity of the system,q 0 , can be independently assigned, and the accelerationq in relation (1) refers to the acceleration of the unconstrained system. We now impose on this unconstrained mechanical system a set of m sufficiently smooth constraints given by
and
where ϕ and ψ are h-and s-vectors, respectively, and m = h + s. We shall assume that the initial conditions satisfy the constraint Eqs. (2) and (3) so that ϕ(q 0 , 0) = ψ(q 0 ,q 0 , 0) = 0. Therefore, for the constrained system, the components of the n-vectors q 0 andq 0 cannot all be independently assigned.
These m constraint equations can be nonlinear functions of their arguments, and they are not required to be independent of one another. They can be differentiated with respect to time to obtain the relation
where A(q,q, t) is an m by n matrix of rank r . These are the constraints that the accelerationq of the constrained system S is required to satisfy. In the presence of these constraints, the equation of motion for the constrained system S becomes
where the n-vector Q c (q,q, t) is the additional force of constraint that is created by virtue of the presence of the constraints (2) and (3). We shall permit this force to be non-ideal. Denoting a virtual displacement at time t as any n-vector v(t) = 0 that belongs to the null space of the matrix A, such a non-ideal force of constraint can do work under virtual displacements. The dynamical nature of this constraint force is prescribed for a given mechanical system by the specification of a sufficiently smooth n-vector, C(q,q, t), such that the work done by the force of constraint under virtual displacements is given by
Specification of the kinematical constraints (2) and (3) [or alternatively, Eq. (4)] along with the dynamical specification of the vector C(q,q, t) constitutes a description of the constraint conditions imposed on our system S. At those instants of time when C(q,q, t) is zero, the work done by the force of constraint under virtual displacements is zero, and the system satisfies D'Alembert's principle at those instants of time. When C(q,q, t) = 0 for all time, we say that the system satisfies D'Alembert's principle, and the force of constraint is said to be ideal. Most of analytical dynamics deals with ideal constraints (see References [3, 4] ).
From here on, we shall suppress the arguments of the various quantities unless needed for clarity. When the mass matrix M in Eq. (1) is positive definite, the equation of motion of the constrained system S is explicitly given by the so-called fundamental equation (Udwadia and Kalaba [3] )
where a = M −1 Q, B = AM −1/2 , and the superscript '+' denotes the Moore-Penrose (MP) inverse of the matrix B. The above equation is valid for systems that may or may not satisfy D'Alembert's principle at each instant of time. However, when the mass matrix is positive semi-definite (M ≥ 0), the matrix M −1/2 may not exist, and Eq. 7 becomes inapplicable, in general.
As shown by Udwadia and Phohomsiri [2] , when the matrix M ≥ 0 in Eq. (1), the constrained equation of motion need not, in general, be unique. They prove that for it to be unique, a necessary and sufficient condition is that the n by n + m matrixM T = [M|A T ] has (full) rank n. Since in classical mechanics we know from practical observation that the equation of motion is unique-that is, the acceleration of a given physical system that starts with a given set of initial conditions is unique at each subsequent instant of time-satisfaction of this requirement can then be taken to be an indicator of whether a given (constrained) physical system under consideration has been properly mathematically described to adequately model it.
Under this assumption of full rank ofM, Udwadia and Phohomsiri [2] provide the explicit (unique) equation of motion of the constrained system as
which is valid when the n by n matrix M ≥ 0. Here, the superscript '+' again denotes the Moore-Penrose (MP) inverse of the matrix. The form of Eq. (8) when M is positive semi-definite is therefore strikingly different from the form of the fundamental Eq. (7) obtained when M is positive definite. A unified equation of motion that is applicable to both these situations is hereto unavailable, and this is the intent of this paper. More specifically, in this paper we shall assume throughout that M ≥ 0 and that the physical mechanical system is appropriately mathematically modeled so that the matrixM has full rank; therefore, the equation of motion of the constrained mechanical system is assumed to be unique, as demanded by physical observation. We shall obtain an alternative explicit equation of motion for such constrained systems that is valid when M ≥ 0 and that has the same form as the aforementioned fundamental equation of motion given by relation (7) . We provide a unified way of obtaining the explicit acceleration of a mechanical system irrespective of whether M ≥ 0 or M > 0. More importantly, the new equation developed herein leads to new and somewhat unexpected physical insights into the nature of constrained motion.
An application of this equation is illustrated to the important field of rotational dynamics. This in turn leads to a new form of the equation of motion for the rotational dynamics of a rigid body.
Equation of motion for systems with positive semi-definite and positive definite mass matrices
We begin by proving the following lemmas. Proof (a) Assume first thatM has full rank; we shall prove this implies that M A is a positive definite matrix. We first observe that the matrix M A is symmetric since M is symmetric, and also because (A + A) T = A + A by the fourth MP condition [5] .
Let the matrix A have rank r , and consider the singular value decomposition of the m by n matrix A = W ΛV T , where the r by r diagonal matrix Λ contains the r singular values of A. Then A T = V ΛW T , where the n by r matrix V has rank r . Since rank(A T ) = r = rank(V ΛW T ) = rank(V ), we get
where Col(X ) denotes the column space of the matrix X . Hence,
Furthermore, since Col(M) = Col(M 1/2 ), we have
and since we assume that rank(M) = n, we find that
Hence,
From relation (12), we know that the rank of [M 1/2 |αV ] is n, so the rank of M A is n. Furthermore, the last equality in Eq. (13) points out that the n by n matrix M A must at least be positive semi-definite, and because its rank is n, our result is proved.
(b) Assume that M A is positive definite; we shall now prove that this implies that rank(M) = rank
It suffices then to prove that rank(M M T + A T A) = n, or equivalently that
We note that M M T and A T A are both positive semi-definite. Because of relation (16), we must then have
so that
where the first equality follows because M is symmetric. Since Ax = 0 ⇒ A + Ax = 0, we can use Eq. (18) to obtain
which on pre-multiplication by x T gives
From Eq. 20, it follows that x = 0 because M A is assumed to be positive definite. Hence, 
Proof Taking the transpose of the left-hand side of Eq. (21) we get
In the first equality above we have used the second MP condition [5] , in the third equality we have used the fourth MP condition, and in the last equality we have used the first MP condition. Hence, the result.
Lemma 3 Let A be an m by n matrix and M a positive semi-definite matrix. Let
Then for any real number α,
Proof We have
Lemma 4 Using the notation established above, denote the (m + n) by n matrix
for any m-vector z.
The third equality above follows because of the second MP condition [5] . 
(c)
(d) 
where we have used the relation B
A A T ) + to get the third equality. (c) Since H is symmetric,
where we have used the third MP condition to get the first equality, and the first MP condition to get the last [5] .
(d) Using the second MP condition, namely A + = A + A A + , we get
where we have used the fourth MP condition in the second and fifth equalities and the first MP condition to get the last equality [5] . (e) From part (a) above, we have
(f) Using part (e) above, and noting that H is symmetric, the left-hand side of Eq. (33) becomes ∂ H ∂α
where the last equality follows from part (c) above. Similarly, we have
where the last equality follows from part (d) above. (g) To find the derivative of the MP inverse of H with respect to α, we use the formula [6, 7] 
From part (f) above, the second and third members on the right-hand side of (43) are zero, and using the result of part (e) in the first member, the result follows. (h) Using the result in parts (a) and (g) above, we have
The last equality follows from part (b) above.
Explicit equation for constrained acceleration
We are now ready to begin by developing explicit equations for the constrained acceleration of the system S that has a positive semi-definite mass matrix M.
Result 1: For any mechanical system S 1. whose unconstrained equation of motion is described by M(q, t)q = Q(q,q, t), where the n by n mass matrix M is positive semi-definite, 2. and that is further subjected to the m consistent constraints described by Eqs. (2) and (3) [or alternatively, by Eq. (4)], which are satisfied by the initial conditions q 0 andq 0 , 3. such that the n by n + m matrixM T = [M(q, t)|A T (q,q, t)] has full rank, n, at each instant of time, 4. and the dynamic nature of the non-ideal force of constraint is specified for the given mechanical system through a prescription of the n-vector C(q,q, t) as in Eq. (6), the explicit acceleration of the constrained system S is the same as the explicit acceleration of the constrained auxiliary mechanical system S A whose unconstrained equation of motion is described by the equation
which is subjected to the same constraints as system S (specified in condition 2 above), and the same prescription of the n-vector C as system S (specified in condition 4 above). The mass matrix of the auxiliary system S A is given by
The (sufficiently smooth, say, C 2 ) m-vector z in Eq. (45) and the scalar α = 0 in Eq. (46) are both arbitrary.
Proof Since the constrained acceleration of the constrained system is described by [2] 
use of Lemmas 3 and 4 show that this constrained accelerationq can also be expressed as
But, as seen in the previous section, this is exactly the constrained acceleration that would arise for the auxiliary mechanical system S A whose mass matrix is M A and that is subjected to the 'given' force Q z = Q + A + z (instead of Q), and that has (1) the same constraints imposed on it as the original system S (given in condition 2 above) and (2) the same specification regarding the nature of the non-ideal constraint force as for the system S (given in condition 4 above). Last, because of item 3 above and Lemma 1, the mass matrix of the auxiliary system M A > 0.
Result 2:
The explicit acceleration of the constrained system S described in Result 1 is explicitly given bÿ
where
The sufficiently smooth m-vector z and the scalar α = 0 are both arbitrary, as before.
Proof From Result 1, we know that the acceleration of the constrained system S is the same as that of the constrained system S A . But the system S A has a positive definite mass matrix, and so applying the fundamental equation to the unconstrained system described by Eq. (45) we get [3] 
from which Eq. (49) follows upon pre-multiplication on both sides by M
−1
A .
We have already noted that whenM has full rank, the acceleration of the constrained system is unique, and hence cannot depend on either the value chosen for α = 0 and/or on the arbitrary vector z; yet the right hand side of Eq. (49) appears to have the arbitrary vector z in it. We shall now show that the right-hand side of Eq. (49) is indeed independent of this arbitrary vector z and also the parameter α = 0. It can also be expressed as
Corollary 1 The acceleration of the constrained system S does not depend on
A Q, and B A = AM
Proof (a) We only need to consider the first two members on the right-hand side of Eq. (49). Expanding them, we have
In the first equality above we have used the definition of the n-vector a A given by Corollary 1, and in going from the second to the third equality above we have used Lemma 2. Hence, the result. Since the right-hand side of Eq. 
We show that the right-hand side of Eq. (49) does not depend on the parameter α = 0. To prove this we show that
In Lemma 5, part (h), we have shown that that the second equality in Eq. (57) is true, since M A > 0. To prove the first equality we note that the left-hand side of the equality can be written as
In Eq. (58), the first equality follows again from Lemma 5, part (h), the second from Lemma 5, part (a), and the last equality follows from Lemma 5, part (b). Hence, the acceleration given in Eq. (49) does not depend on the value of the parameter α = 0.
Corollary 2 Results 1 and 2, as well as Corollary 1 are applicable when the mass matrix M of the system S is positive definite.
Proof When the mechanical system S has a mass matrix M that is positive definite, then condition 3 in Result 1 is automatically satisfied, and hence the results obtained so far are all applicable.
Using Result 2 and Corollaries 1 and 2, we have the following useful result:
Result 3: When the mass matrix M of the unconstrained system S is (i) positive definite, or (ii) positive semi-definite andM has rank n, one can obtain the acceleration of the constrained system S by simply replacing its mass matrix M (in the unconstrained equation of motion) by the positive definite mass matrix M A = M + A + A, and then using the fundamental equation [3] . The explicit expression for the acceleration of the constrained system S is then given byq
Proof Set z ≡ 0 in relation (49), and α = 1 in relation (50). Now the auxiliary system S A is identical to S except that its mass matrix is now M A = M + A + A > 0 instead of M. Equation (59) follows from Eq. (49) on making these substitutions.
Since in much (nearly all) of analytical dynamics, D'Alembert's principle is assumed to hold at each instant of time, we provide, for easy reference, the following narrower result:
Result 4: For a mechanical system D:
1. that satisfies D'Alembert's principle at each instant of time, and 2. whose unconstrained equation of motion is described by M(q, t)q = Q(q,q, t), where the n by n mass matrix M is positive semi-definite, 3. and that is further subjected to the m consistent constraints described by Eqs. (2) and (3) [or alternatively, by Eq. (4)], which are satisfied by the initial conditions q 0 andq 0 , 4. such that the n by n + m matrixM T = [M(q, t)|A T (q,q, t)] has full rank n at each instant of time, the acceleration of the constrained system D is the same as the acceleration of the auxiliary constrained mechanical system D A whose 1. unconstrained equation of motion is described by the equation
and 2. that is subjected to the same constraints (specified in 3 above) as system D.
The mass matrix of the auxiliary system D A is given by
The sufficiently smooth m-vector z in Eq. (60) and the scalar α = 0 in Eq. (61) are both arbitrary. The explicit expression for the acceleration of the constrained system D is then given bÿ
where, as before, a A,z = M Proof Set z = 0 and α = 1 in Eqs. (60) and (61), and use Eq. (62) to obtain Eq. (63).
Corollary 3 For the mechanical system D described in Result 4, which satisfies D'Alembert's principle, as long as the positive semi-definite (or positive definite) matrix M is such thatM has rank n at each instant of time, the acceleration of the constrained system can be obtained explicitly by imagining that the matrix M is replaced by the matrix M A = M + A + A, and then using the fundamental equation. Indeed, the acceleration of the constrained system D is given bÿ
q = a A + M −1/2 A B + A (b − Aa A ),(63)
Explicit equation for constraint force Q c
By using the fundamental equation on the auxiliary system S A , we have so far obtained the acceleration of a constrained mechanical system S whose mass matrix M could be positive semi-definite, and for which the matrixM has full rank n at each instant of time. We now ask if we can also determine the constraint force Q c acting on S directly from the equation of motion of the constrained auxiliary system S A .
Once the accelerationq of the constrained system is known from Eq. (49), the constraint force acting on the system S at each instant of time can indeed be determined by using Eq. (5) as
Recall that the acceleration of the constrained system S described in Result 1 was obtained from Eq. (53). We created the auxiliary system S A with a mass matrix M A > 0 (instead of M ≥ 0 for the system S) and with the 'given' force Q z (instead of Q). Application of the fundamental equation to this auxiliary system S A (that is subjected to same constraints as S and the same non-ideal constraint forces prescribed by specifying the vector C(q,q, t) as S) then yields the correct acceleration of the constrained system S. We can now, however, think of the auxiliary system S A as a constrained system in its own right. Its unconstrained equation of motion is M Aq = Q + A + z. The matrix M A is positive definite and the 'given' force acting on this auxiliary unconstrained system is Q z = Q + A + z, where z is a sufficiently smooth arbitrary m-vector. This unconstrained system is subjected to the same constraint specifications as the constrained system S. Since M A > 0, using the fundamental equation, the equation of motion for the acceleration of this constrained system S A is then obtained from the relation
The presence of the constraints (which are identical for both systems S A and S) generates a constraint force Q c A,z on system S A as shown by the last equality in Eq. (65). But from Result 2, upon pre-multiplication on both sides of Eq. (65) by M
−1
A we obtain the correct acceleration of the constrained system S, since the accelerations of both the constrained systems S and S A are identical at each instant of time, as shown in Result 1. Thus, the constrained acceleration of both systems S and S A can be written compactly as
We next investigate how the forces of constraint for the systems S and S A are related. More specifically, we ask how one might directly obtain the force of constraint Q c acting on system S as given in Eq. (64) from the force of constraint Q c A,z acting on system S A , which we have explicitly obtained in Eq. (65). We now show that this can indeed be done by appropriately choosing the vector z.
Result 5: For the unconstrained auxiliary system S A described in Result 1, setting z = α 2 b (see Eq. (4) for definition of the vector b), where α = 0 is arbitrary, will cause the constraint force on the constrained auxiliary system S A to equal the constraint force on the constrained system S at each instant of time, so that 
respectively. Both equations in Eq. (68) are equivalent to one another.
Proof At each instant of time, the constraint force Q c on the mechanical system S due to the constraints imposed on it are given by relation (64), in whichq is the acceleration of the constrained system S (and is also the acceleration of the auxiliary constrained system S A ). Now the constraint (4) implies, upon pre-multiplication on both sides by α 2 A + , that
whereq is again the acceleration at each instant of time of the constrained system S. Adding the left-hand side of Eq. (69) to the right-hand side of Eq. (64) we get
But the accelerationq of the constrained system S at each instant of time is also given by Eq. (66)! Substituting q from Eq. (66) into the last equality in Eq. (70) then yields
When z = α 2 b, the result then follows.
For simplicity, we particularize our previous result by choosing α = 1.
Result 6: Consider a mechanical system S whose unconstrained equation of motion is Mq = Q, with M ≥ 0, and that is further subjected to the constraints given by Eqs. (2) and (3) [or alternately, by Eq. 4]. Given the n-vector C in Eq. (6), the equation of motion of the constrained system S, under the proviso thatM has full rank at each instant of time (so that the system has a unique equation of motion), is given by the equation of motion of the constrained auxiliary system S A ,
where,
The acceleration of the constrained system S is explicitly given bÿ
A Q b . The constraint force on S due to the presence of the constraints is explicitly given by
Proof This is just a combined form of Results 2 and 5, specialized for α = 1 and z = b.
We have thus proved the following somewhat remarkable result. When a mechanical system S (1) has a positive semi-definite or a positive definite mass matrix M, (2) is subjected to the constraint Aq = b, and the non-ideal constraint force is specified by the vector C(q,q, t), (3) has a matrixM being full rank, all that is needed to obtain the explicit acceleration of the constrained system and the explicit constraint force acting on it is to: (i) imagine that the unconstrained system is replaced by an auxiliary system S A with a mass matrix M A := M + A + A, (ii) add A + b to the 'given' force Q applied to S to obtain the 'given' force Q + A + b acting on the auxiliary unconstrained system S A , and (iii) apply the fundamental equation to this auxiliary system subjected to the given constraint conditions to which the system S is subjected. This will give Eq. (72).
The acceleration of the constrained auxiliary system S A is the same, at each instant of time, as that of the constrained system S; and, the constraint force Q c at each instant of time acting on S is simply the constraint force calculated on the auxiliary system to which the 'given' force Q + A + b is applied. In short, the motion of the auxiliary system S A will exactly mimic the actual system S. Indeed, the Lagrange equation describing the constrained system S is exactly the equation for the constrained auxiliary system S A . We note that for systems for which D'Alembert's principle is assumed to be true, we simply set the vector C ≡ 0 in Eqs. (72), (74) and (75). When the matrix M is positive definite, Results 5 and 6 are still valid since thenM has full rank.
Application to rotational dynamics
To place the analytical results obtained hereto in perspective and to show their practical applicability, we consider the rotational dynamics of a rigid body. In this section, we obtain in a simple and direct manner a new form for the equation for the rotational motion of a rigid body in terms of quaternions. We shall assume that the system satisfies D'Alembert's principle. As we shall see, the rigid body system D has a singular mass matrix, and we shall use the auxiliary system D A to directly obtain the requisite equations of motion of D, and also the required constraint torque Q c .
Consider a rigid body that has an absolute angular velocity, ω ∈ R 3 , with respect to an inertial coordinate frame. The components of this angular velocity with respect to its body-fixed coordinate frame whose origin is located at the body's center of mass are denoted ω 1 , ω 2 , and ω 3 . Let us assume, without loss of generality, that the body-fixed coordinate axes attached to the rigid body are aligned along its principal axes of inertia, where the principal moments of inertia are given by J 1 , J 2 , and J 3 . The rotational kinetic energy of the rigid body is then simply
We shall describe the orientation of the rigid body through the use of quaternions, also known as the Euler parameters. They permit the description of large angle rotations without any geometric singularities. The unit quaternion u written as a 4 × 1 column vector by
describes the rotation of the body. By a unit quaternion, we mean that the square of its norm is unity so that
The 3-vector e in Eq. (77), which is described by any unit vector relative to an inertial coordinate frame of reference, is the rotation axis. The rotation of the body about this rotation axis is defined by the rotation angle θ . The body-fixed angular velocity ω and the unit quaternion u of the rigid body are related by
where the 3 × 4 matrix E is
The rotational kinetic energy of the rigid body given by Eq. (76) then becomes
In Eq. (81), we note that the symmetric matrices E T J E andĖ T JĖ are not positive definite since we can have
Using Eq. (78) and the definition of the matrix E given in Eq. (80), it is easy to show that the identities
are true, where I n denotes the n × n identity matrix. To obtain Lagrange's rotational equations of motion, we begin by assuming that the components of the generalized coordinate vector u are independent of one another. Lagrange's equations for this unconstrained system D-the system is unconstrained since the components of u are all assumed to be independent of one another-then becomes
which yields four second-order nonlinear differential equations. The 4-vector Γ u in Eq. (87) represents the generalized impressed quaternion torque that would exist if all the components of u were actually independent. Its relation to a physically applied body torque 3-vector Γ B will be presented later on in this section. By appropriately carrying out the differentiations in Eq. (87), we obtain d dt
Lagrange's equation, assuming the components of the unit quaternion u are all independent, is then
Using Eq. (84), Eq. (90) reduces to
where the 4 × 4 matrix M = 4E T J E multiplying the 4-vectorü is symmetric and positive semi-definite (singular) since its rank is three.
Recall that the equations of motion in Eq. (91), which are obtained directly from Lagrange's equation, presume that the four components of u are independent of one another. Since u represents a physical rotation, it must in actuality satisfy Eq. (78) because it must be a unit quaternion. Thus, the unconstrained system D whose motion we have described by Eq. (91) must be further subjected to the constraint
Differentiating Eq. (92) twice with respect to time, we obtain the constraint matrix equation
Using Result 4 from the previous section and noting that A + = u, we now obtain the auxiliary system D A whose unconstrained equation of motion is given by
where α = 0. The acceleration of this unconstrained system is given by a A,z = M We first show that the 4 × 4 matrix M A = 4E T J E + α 2 uu T is positive definite. To show this, we use Lemma 1 and prove that the rank of the matrix
is four. Consider the matrix product
Using Eqs. (85), (86) and (92), we find that the matrix V is nonsingular since
and so also the matrix W since by Eqs. (83) and (85) we have
Thus, the matrixM has the same rank as the matrix VMW . But the right-hand side of Eq. (96) yields
whose rank is four. Hence, the augmented mass matrix M A is positive definite. The rotational equations of motion in terms of quaternions are now explicitly found by simply using the fundamental equation given in Result 4 as 
Since 
We now proceed by assembling the various quantities required to determine the last member on the right-hand side of Eq. (100) by computing Aa A,z , b − Aa A,z , and finally M
1/2
A B + A . We find that
where to get the second equality above we have used Eqs. (78) and (83), and in the last equality we have used Eqs. (78) and (79). This yields
Next, using Eqs. (101) 
Finally, we obtain
by once again using Eqs. (78) and (83). Using relations (104) and (106), Eq. (100) becomes
where as usual the real number α = 0 is arbitrary. Equation (107) constitutes a new set of Lagrange's equations for rotational motion in terms of quaternions, which are different in form from those found in Refs. [8] [9] [10] . In contrast to the formulations provided in these references, we have arrived at Eq. (107) by working directly with the kinetic energy that is not positive definite [Eq. (81)], and without the use of any Lagrange multipliers. Attempts in the past at using a non-positive definite kinetic energy have apparently resulted in the development of incorrect equations of motion [11] . Thus, use of the general equation of motion obtained in Sections 3 and 4 allows us to obtain in a simple, straightforward way the equation for rotational dynamics without the need to artificially augment the mass matrix to make it nonsingular as done in Refs. [8] and [9] , or the need to determine the Lagrange multipliers as done in Refs. [9] and [10] .
The generalized rotational accelerationü is now explicitly obtained as
Expanding Eq. (108), and using Eqs. (78) and (83), we obtain
Also, we find that
The first member on the right-hand side of Eq. (109) can therefore be expressed as − 1 2 E T J −1ω J ω. Also, using Eq. (81), 8uu TĖ T J Eu = −2u(ω T J ω), so that the explicit equation for the generalized acceleration of a rotating rigid body in terms of quaternions is
The connection between the generalized torque 4-vector Γ u and the physically applied torque 3-vector Γ B = [Γ 1 , Γ 2 , Γ 3 ] T , whose components Γ i , i = 1, 2, 3 are about the body-fixed axes of the rotating body, is determined by the relations [8] 
